Abstract. In this paper, a real option approach to determine the optimal time to execute interventions on rail infrastructure, when it is not known for certain which intervention is to be executed, is presented (i.e. the optimal intervention window). Such an approach is useful in the management of rail infrastructure that belongs to a multi-national rail corridor where multiple railway organizations, ideally, should coordinate their maintenance interventions, years in advance, to minimize service disruptions. The approach is based on an adaptation of the Black and Scholes differential equation model used to value European call options in financial engineering. It is demonstrated by determining the optimal intervention window for infrastructure in a fictive rail corridor.
Introduction
In order to ensure that rail infrastructure provides an adequate level of service it is necessary that rail managers execute interventions to counter the deterioration caused by use and by slow environmental deterioration process, such as the corrosion of the reinforcement in concrete bridges. Since the execution of interventions normally results in the disruption of service it is beneficial to try to group interventions in a way to minimize this disruption. When multiple rail managers are involved, as is the case for multi-national rail corridors (e.g. Prorail in the Netherlands, DB in Germany, SBB and BLS in Switzerland and RFI in Italy for the Rotterdam-Genoa freight corridor) it is therefore useful for all involved organizations to agree on time to execute interventions, even if it is not known which type of intervention, if any will be executed at that time. This would most likely improve the coordination of interventions on multiple parts of the corridor, which would result in both lower intervention costs and lower service disruptions (Higgins et al. 1999; Grimes, Barkan 2006) .
Given the inherent uncertainty associated with the conditions of rail infrastructure (e.g. tracks, bridges), an intervention window must be fixed in the future without knowing exactly the types of interventions to be executed on the infrastructure components. This decision will only be made as the time of intervention draws close and more condition information is known. Previous work has indicated that this is possible using a real options approach, such as proposed by Zhao and Tseng (2003) and SantaCruz and Heredia-Zavoni (2011) in other civil engineering applications.
Previous research on the use of real option approaches has been focused mainly on the construction of new infrastructure. Some examples include: the construction of a new airport (Smit 2003) , of a high-speed passenger train system (Pimentel et al. 2012) , of an electricity distribution network (Agusdinata 2005) , and of a new addition to an existing highway network (Zhao et al. 2004) or in the development construction projects in general (Ford et al. 2002) . There has been little research on the use of real option approaches for the maintenance of existing infrastructure and none was found for the maintenance of multi-national rail corridors. For maintenance of existing infrastructure (Santa-Cruz, Heredia-Zavoni 2011) provided an example of how a real options approach could be used for the maintenance of offshore structures. Although no published research was found on the use of real options approaches in the maintenance of rail infrastructure, there has been on planning optimal maintenance interventions for rail infrastructure (Zoeteman 2001; Patra 2009; Pimentel et al. 2012) .
The real options approach presented in this paper is based on an adaptation of the Black and Scholes differential equation model used to value European call options in financial engineering (Black, Scholes 1973) . It is demonstrated by determining the optimal intervention window for infrastructure in a fictive rail corridor.
Although certainly not without administrative hurdles, the fixing of optimal intervention windows (OIW) for freight corridors, or parts of freight corridors, would move countries in a direction that would reduce intervention costs and service disruptions increasing the competitiveness of rail in Europe. This is in line with Directive 2012/34/EU (2012) which aims to reduce problems associated with co-ordination and establish a single European railway area. Substantial coordination has already occurred with respect to scheduling trains on and operating European rail corridors (EUROCOM 2008; OECD 2005; Ghijsen et al. 2007; DG-MOVE 2011) .
The remainder of this paper is consists of five additional sections. Section 1 contains a literature review, in which the limitations of the state-of-the-art for maintenance of rail infrastructure are discussed. Section 2 contains the formulation of the Black and Scholes (1973) real option model used. Section 3 and 4 contain an example and a sensitivity analysis on the results to illustrate how the methodology can be used and how sensitive it is to variations in the value of numerous key parameters, respectively. The last section contains the conclusions and recommendations.
Background
Due to the development of computerized decision support systems (Zoeteman 2001; Crozet 2004; Caetano, Teixeira 2013) , there has been an increasing focus in research on:
-The development of probabilistic models to improve the prediction of future infrastructure condition, e.g. the prediction of the deterioration of rails (Zhang et al. 2013) , switches (Kaewunruen, Remennikov 2008) , ballasts and sleepers (Zhao et al. 2006) , and track geometry (Guler et al. 2011 ). -The determination of the reliability, availability, maintainability, and safety of rail infrastructure objects (Lyngby et al. 2008; Rhayma et al. 2013; Macchi et al. 2012) , as well as for networks (Caetano, Teixeira 2013; Macchi et al. 2012; Podofillini et al. 2006 ). -Determine optimal time to intervene on infrastructure. Examples of the later includes the determination of optimal intervention strategies for track maintenance on a railway network (Zhang et al. 2013; Zoeteman 2001) , for ballast tamping and renewal (Zhao et al. 2006) . Although all of this work, if implemented, will help rail managers decide when to intervene on rail infrastructure, it can only indirectly be used to determine the optimal time to intervene if it is not known what intervention is to be executed; something of utmost importance when determining OIWs for multi-national rail corridors, to minimise costs and service disruptions.
By using a real option approach it is possible to determine the OIW. Real option approaches were initially developed in the field of financial engineering, but have been increasingly used in the evaluation of engineering problems (Santa-Cruz, Heredia-Zavoni 2011; Smit 2003; Chiara et al. 2007) . It is often said that real option approaches are often used to value the flexibility of systems to adapt to uncertain changes of demand. In our case the system being investigated includes the infrastructure and the rail managers, whereas the flexibility of the rail managers is being incorporated directly into the problem. The flexibility is considered to have a value, which is similar to the value of an option in the field of finance. This value varies as a function of the volatility of the values of uncertain parameters, e.g. the condition of the tracks and the price of fuel, and the discount factor, that affect which decision will be made, e.g. the type of intervention to be executed.
Real option model
The model used in the real option approach, herein referred to as the real option model, is developed to determine an OIW during a finite time period, T, for an existing railway link. The OIW is considered to occur at time z. At time z the rail manager will decide which type of intervention will be executed. The types of intervention include the "do nothing" intervention. The rail manager is interested in determining the intervention window that will maximize total expected net benefits, i.e. the optimal z on interval [0, T] . Net benefits are the difference between the money obtained from operating the rail link minus the costs due to routine maintenance, operation, and more substantial interventions, i.e. the ones executed at z.
The net benefit varies over time due to fluctuations in all of these. It may decrease due to deterioration of the infrastructure which may lead to increases in the number of service disruptions, e.g. due to switch failures, which need to be repaired immediately and may result in financial penalties. It may increase due to increases in the amount of goods to be shipped across the rail link.
Some of the lowest net benefits per time unit (e.g. per month or per year) will be incurred in the time unit of execution of an intervention at z, whereas some of the highest net benefits per time unit will be incurred in the time immediately following the execution of an intervention, e.g. it is expensive to replace existing tracks with new ones, but the number of smaller realignments in the subsequent time units will be drastically lower than before.
In the real option model used here, is similar to the so called "European call option" in financial engineering, where at a predetermined time z, the holder of an option is allowed to make a decision on whether the option will be exercised, but not the obligation to do so (Zhao et al. 2004; Hull 2011) .
Following table lists notations used in the mathematical formulation of the RO model (see Table 1 ). 
R(t)
Reliability of the rail link, which is calculated through the reliability of the objects in the link. In our case, the objective function is to maximize net benefit:
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In Eqn (1), the first term represents net benefit from time 0 until the end of the time in which an intervention is executed, the second term represents the net benefit from the end of the time in which an intervention is executed until the end of the investigated time period if the "do nothing" intervention is executed, and the third term represents the difference in net benefits from the end of the time in which an intervention is executed until the end of the investigated time period.
The superscript d denotes intervention type (d ∈ D), where do nothing is also seen as an intervention type and D is a set of intervention types 1 .
It is implied in the third term of Eqn (1) that if the execution of intervention d is more beneficial than the execution of intervention d*, i.e. that its execution will result in higher net benefits, that intervention d will be executed. Otherwise, intervention d* will be executed.
The net benefit ( ) d S t is given by:
1 The intervention considered here is the intervention on the link and includes the interventions to be executed all objects of the link.
The total net benefit when a rail manager has the possibility at z to decide whether or not to execute intervention d and the decision strategy in which there is the possibility at z to decide whether or not to execute intervention d*, (denoted as ∆) at time 0 (analogous to the payoff in European call option) is given by:
where:
is the expected value of:
where the function g(x) represents an abstract representation of the third polynomial in Eqn (1).
The solution for Eqn (3) has been extensively described in numerous references on applying Black and Scholes formulation (Hull 2011; Iacus 2011 ) and a summary of it is given in the Appendix of the paper. The total net benefit can be determined using the following equations:
with:
where: ( ) x Φ is the cumulative distribution function for normal standard distribution: 
S is calculated in each time unit as:
and C(t) takes the value of 0 if no intervention is executed. This is analogy to Eqn (2) but use for any time units with and without intervention as an explicit form. Explanations of each of the variables are given in Table 1 .
Here, without loss of generality, the superscript and subscript are ignored.
The values of each of these variables can be modeled as uncertain. In many cases, they can be modeled as a geometric Brownian motion (Hull 2011) . For example, if the revenue per amount of transported goods is uncertain:
The expected value of uncertain variables given the value at time t, shown here using h(t), is given by:
where u is the length of time between t to t + u. It is assumed that the value of T is chosen so that the salvage value of the objects or the condition of the objects at T can be neglected.
In order to find the optimal z (as a variable of Eqn (1)), i.e. the OIW, it is required to solve the set of Eqns (3) to (8). These equations, which involve the integral of an embedded stochastic process, can be solved using the analytical and numerical approach suggested by Black and Scholes (1973) and Itō (1951) . Although these equations can be solved to determine the OIW directly, they can also be used to run simulations to illustrate how the "value" of the intervention window changes with its timing. This intervention window value corresponds with the "option value" used in financial engineering. The entire process of calculation can be simplified in following flowchart (Fig. 1) .
In the flowchart, equations shown in the boxes correspond to the explicit mathematical form shown in Eqn (1).
( ) Diff z is used to represent the Max{} function of the third polynomial. The intervention window with the highest value is the OIW.
Example

Description
The real option approach is demonstrated for a possible future situation where the rail managers of a trans-European rail corridor are asked to decide on a period of time where they will reduce the traffic on the corridor and during this time execute sufficient preventive interventions so that they guarantee service until the end of the investigated time period. This situation is one that is likely with the increased integration required by the European Union (Directive 2012/34/EU 2012; EUROCOM 2008; OECD 2005). The example is fictive but realistic. It is a high level example to ensure comprehension without being lost in technical details. The intervention window is to be fixed immediately following an agreement to fix an intervention window.
It is assumed that the rail link can be represented as consisting of 10 sections 2 , which could be further divided. It is assumed that they reliability of each section can be modeled using the Weibull function with the values of the scale and shape parameters shown in Table 2 . The reliability of the link, in each time unit (tu), is then given by: 
In Eqn (12), m represents index of each rail section in a link. The parameters λ and k are scale parameter and shape parameter of the Weibull function used to model the change in reliability over time. Values of these parameters can be estimated using historical data (Macchi et al. 2012) .
The interventions to be executed in the intervention window are substantial maintenance interventions, e.g. replacing the tracks. Routine maintenance, e.g. track 2 A rail section includes rail track components. alignment, is done on a regular basis and being considered as a part contributing to the operating cost. It is assumed that the amount of routine maintenance required increases as a function of time since the start of the investigated period and the last intervention window. These increasing costs are expressed as through decreasing reliability of the link. For example, the longer the time since the start of the investigated time period the higher the probability that the tracks will need a realignment that is considered to be routine maintenance. Each realignment costs the same amount of money. In other words, the rail link has an increasing failure rate. Failure here of course means that an adequate level of service is not provided and not necessarily something catastrophic.
Once the intervention window arrives the rail manager has to decide which intervention to execute. In this example it is assumed that the two possible intervention types are:
-A renewal intervention, where the link is restored in a way that its reliability, immediately following the intervention is 100% and starts to decrease again in following time units, and -Do nothing.
This decision is then made dependent on the value of the uncertain variables when the intervention window arrives. In this case, when the intervention window is in tu 46 the amount that can be charged to transport goods must be above 21 mus.
It is assumed that the interventions to be executed will take no more than one unit of time. The task of the rail manager is to determine the optimal intervention window within an 80 tus time period. It is assumed that the reliability of the rail link at the end of the 80 th tus is not important and therefore no salvage value is required in the analysis.
The values of all variables used in the model are given in Table 3 . It is important to note that there is no attempt in this paper to suggest the values of discount rate, drift parameters, the standard deviations in the Wiener process, or the values of reliability of a rail link to trigger intervention. The values selected are only to chosen to allow an illustrative example to be conducted.
Results
The value of an intervention window at each tu z to the rail manager (Eqn (3) ), i.e. the value of being able to decide in tu z whether or not a renewal intervention is to be executed or nothing is to be done is given in Figure 2 . For example, if the intervention window is in tu 46, the intervention window has a value of 69.42×10 6 mus (point A in Fig. 2 ). This value is representative of the additional profit that would be possible for the rail manager when compared the situation where there was no possibility to execute a renewal intervention for the entire 80 tus. The value of total revenue if do-nothing strategy is defined from beginning till the end of the investigated period is 170.23×10 6 mus, which is calculated as cumulative sum of the first two term in Eqn (1).
As can be seen from Figure 2 , the maximum value of an intervention window is 69.42×10 6 mus, which occurs when the intervention window is in tu 46. The 69.42×10 6 mus is the difference between the expected benefits if there was no intervention window, and therefore no intervention would be executed for the entire 80 tus, and the expected benefits if the intervention window is in tu 46 and the rail manager makes the best decision at that time as to whether or not an intervention should be executed.
The optimal intervention window depends on the expected amount that can be charged for transporting goods. It can also be seen in Figure 2 that if the intervention window was moved earlier (e.g. to tu 20 (point C)) or later (e.g. to tu 65 (point B)) that the value of the intervention window would be less.
As the intervention window approaches t = 0, its value decreases because the increase in knowledge with respect to the price of transporting goods decreases. In other words, it is less and less likely that the price of transporting goods will be known with enough certainty to justify the execution of a rehabilitation intervention. Between t = 0 and t = 10 the value of the intervention window is 0 (Fig. 2) due to the maximum sign in the third polynomial of the objective function (Eqn (1)), i.e. there is no value of transporting goods that will justify the execution of a rehabilitation intervention.
As the intervention window approaches T its value decreases because there is insufficient time in the investigated period to recoup the money spent on the rehabilitation intervention if executed.
Sensitivity analysis
The values of the discount factor ρ, parameters of geometric Brownian motion µ and standard deviation of the price of transporting good, σ, could have a significant effect on the value of the intervention window and therefore the optimal time to have an intervention window. The effect of variations in their values was investigated using the ranges of values shown in Table 4 . The ranges selected were considered to be representative of the largest variations that one would expect in practice. The value and z of the optimal intervention window are shown in Figures 3, 4 and 5 for the different values of the discount factor, drift parameter and standard deviation, respectively. It can be seen from Figures 3-5 , that the value of the intervention window and the optimal intervention window:
-Depend on the value of discount factor. The higher the value of the discount factor the higher the value of the intervention window and the earlier the optimal intervention window occurs (Fig. 3) . For example, if the discount factor increases by 0.01, the value of the intervention window increases 5×10 6 mus, and if the discount factor increases by 0.02, the value of the optimal intervention window moves forward in time by approximately one tu. This is logical because as the value of the discount factor is increased the value of future benefits are decreased and, and therefore, it is better to have the intervention window earlier than later. -Are not significantly dependent on the value of the drifting parameter, i.e. the base rate of increase in the price of transporting goods. The higher the value of the drifting parameter the higher the value of the optimal intervention window and the later the optimal intervention window occurs. These changes are, however, relatively small. As can be seen in Figure 4 , if the value of the drifting parameter increases by 1×10 -4 there is an increase in the value of the intervention window by approximately 1×10 6 mus, and the time of the optimal intervention window increases by only approximately one unit of time (e.g. one year). This is logical because as the rate of price increase increases it becomes increasingly beneficial to have the possibility to execute an intervention at a later time. -Depend greatly on the standard deviation of the price of transporting goods (Fig. 5) . The higher the value of the standard deviation the higher the value of the optimal intervention window and the later the Intervention window value -10 mus 6 optimal intervention window is. This is logical because as the standard deviation increases there is an increased uncertainty and, therefore, more value in waiting to determine whether or not to execute an intervention. This effect would continue so until one was sufficiently close to the end of the investigated time period that the benefits of executing an intervention would no longer outweigh the costs.
Conclusions
A real option approach to the determination of the optimal intervention window for a rail manager was presented. The approach is based on an adaptation of the Black and Scholes (1973) differential equation model used to value European call options in financial engineering. It is demonstrated by determining the optimal intervention window for a rail manager who manages infrastructure in a fictive rail corridor. The presented approach is one that would be useful in the management of rail infrastructure that belongs to a multi-national rail corridor where multiple railway organizations are responsible for maintenance. Once the value of all possible intervention windows for each rail manger were determined, the rail managers would be better positioned to negotiate with each other to select the intervention window(s) for the freight corridor. The selection of this intervention window by the rail managers would ensure that both interventions and train schedules could be better planned. The former would result in reduced costs by being able to combine interventions on multiple infrastructure objects. The latter would result in a reduction of disruption to users of the freight corridor. This is in line with Directive 2012/34/EU (2012) which aims to reduce problems associated with corrdination and establish a single European railway area.
As the selected intervention window would certainly not be the one that is optimal for all rail managers it is feasible that rail managers for which it is not optimal are, in some way, compensated for being forced to select a non-optimal intervention window. The amount of this compensation could be related to the difference between the exact interventions executed, and ones that would be executed if the rail manager was not constrained by the intervention window.
Future research work should be focused on applying this approach to a real world example, with particular focus on the administrative hurdles to be overcome, the complexity of dealing with many infrastructure objects that comprise a freight corridor, the complexity of train schedules and the determination of appropriate levels of compensation for rail managers who accept to execute interventions, which are for them, at non-optimal time. 
